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To calculate ignition delay times a skeletal 56-step mechanism for n-heptane is further reduced to a short
30-step mechanism containing two isomers of the n-heptyl-redical and reactions describing both the high
temperature and the low temperature chemistry. This mechanism reproduces ignition delay times at various
pressures and temperatures reasonably well. Steady state assumptions for many of the intermediate species are
introduced to derive separately two global mechanisms for the low temperature regime as well as for the
intermediate and high temperature regime. In those formulations the OH radical is depleted by fast reactions
with the fuel, as long as fuel is present. Its steady state relation shows that the OH concentration would blow
up as soon as the fuel is depleted. Therefore the depletion of the fuel is used as a suitable criterion for ignition.
In the intermediate temperature regime the first stage ignition is related to a change from chain-branching
to chain-breaking as the temperature crosses a certain threshold. The chain branching reactions result in a
build-up of ketohydroperoxides which dissociate to produce OH radicals. This is associated with a slight
temperature rise which leads to a crossing of the threshold temperature with the consequence that the
production of OH radicals by ketohydroperoxides suddenly ceases. The subsequent second stage is driven by
the much slower production of OH radicals owing to the dissociation of hydrogen peroxide. The OH radicals
react with the fuel at nearly constant temperature until the latter is fully depleted.
In all three regimes analytical solutions for the ignition delay time are presented. The reduced 4-step
mechanism of the low temperature regime leads with the assumption of constant temperature to linear
differential equations, which are solved. The calculated ignition delay times at fuel depletion compares well with
those of the 30-step mechanism. The analysis for the intermediate temperature regime starts from a 4-step
subset of a 9-step reduced mechanism. It contains the cross-over dynamics in form of a temperature dependent
stoichiometric coefficient which is analysed mathematically. The resulting closed form solutions describe the
first stage ignition, the temperature cross-over and the second stage ignition. They also identify the rate
determining reactions and quantify the influence of their rates on the first and the second ignition times. The
high temperature regime is governed by a three-step mechanism leading to a nonlinear problem which is solved
by asymptotic analysis.
While the dissociation reaction of the ketohydroperoxide dominates the low temperature regime and the first
stage ignition of the intermediate temperature regime, the hydrogen peroxide dissociation takes this role for the
second stage of the intermediate and in the high temperature regime. The overall activation energy of the
ignition delay time in the low temperature regime is the mean of the activation energies of two reactions only.
The overall activation energy of the ignition delay time in the high temperature regime is shown to be related
to the activation energies of only three but different rate determining reactions. © 2002 by The Combustion
Institute
INTRODUCTION
N-heptane has been the subject of many studies
that try to elucidate the ignition characteristics
of high molecular weight aliphatic fuels. A
particular striking feature is two-stage ignition
which is also related to cool flame phenomena
and the negative temperature coefficient (NTC)
of the ignition delay time. There are many
experimental data from shock tubes, jet stirred
reactions, rapid compression machines, engines,
and plug flow reactors which are comprehen-
sively discussed in a recent modeling study by
Curran et al. [1]. In addition to the many
modelling studies referenced in [1] a semi-
empirical mechanism for the high temperature
regime is proposed by Held et al. [2].
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The procedure used in the present study is to
first extract a minimum number of reaction
steps from a large mechanism that are able to
reproduce ignition delay times in the low and
high temperature regime. Differently from a
previous attempt by Mu¨ller et al. [3] where a
4-step ad-hoc mechanism based on activation
energy arguments was postulated and its perfor-
mance was analysed a-posteriori, we will sys-
tematically derive a 4-step global mechanism
using steady state approximations. This has the
advantage that the competition between chain-
branching and chain-breaking can be quantified
on the basis of elementary reaction rates. By
generating solutions from the 4-step global
mechanism numerically and analytically the in-
fluence of the remaining rate parameters can be
analyzed. Therefore, the study points at the key
factors that determine the two stage ignition
and the NTC behaviour of ignition delay times.
We start from a skeletal mechanism of 56
reactions that is formulated and tested by com-
parison with the shock tube experiment of
Ciezki and Adomeit [4] and the plug flow
reactor data of Held et al. [2]. The comparison
with the former for lean, stoichiometric and rich
mixtures is shown in Figs. 1–3, respectively. A
comparison with plug flow reactor data of Held
et al. [2] was also performed. The rate of fuel
consumption for the cases of rich and lean
oxidation in that paper was also well reproduced
by this mechanism but this is not shown here.
The 56-step mechanism is able to describe first
and second stage ignition and the rapid transi-
tion to the final combustion products. It con-
tains 2 isomers of the n-heptyl radical which are
assumed to represent all four isomers. If only
Fig. 1. Comparison of experimental ignition delay times [4]
with calculated values using the 56-step skeletal and the
30-step short mechanism for lean mixtures with   0.5.
Fig. 2. Comparison of experimental ignition delay times
from [4] for 13.5 and 42 bar and from [6] for 3 bar with
calculated values using the 56-step skeletal mechanism for
stoichiometric mixtures.
Fig. 3. Comparison of experimental ignition delay times
from [4] with calculated values using the 56-step skeletal
and the 30-step short mechanism for rich mixtures with  
2.0.
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the first and second stage ignition is of interest,
only 30 of the 56 reactions are needed. This
30-step short mechanism is shown in Table 1
while the additional 26 reactions contained in
the 56-step skeletal mechanism are given in
Table 2.
The 56-step mechanism is similar to the 98-
step mechanism by Pitsch and Peters [5]. The
TABLE 1
30-Step Short Mechanism for n-Heptane Ignition
Number Reaction A n E Ref.
1 C7H16 3 C4H9  C3H7 3.160E  16 0.00 339 [8]
2 C7H16  O2 3 1  C7H15  HO2 6.000E  13 0.00 221 [1]
3 C7H16  O2 3 2  C7H15  HO2 4.000E  13 0.00 210 [1]
4 C7H16  HO2 3 1  C7H15  H2O2 5.000E  13 0.00 85.5 [1]
a
5 C7H16  HO2 3 2  C7H15  H2O2 3.360E  13 0.00 74 [1]
a
6 C7H16  OH 3 1  C7H15  H2O 1.050E  10 0.97 6.65 [1]
7 C7H16  OH 3 2  C7H15  H2O 9.400E  07 1.61 0.146 [1]
8f 1  C7H15 3 2  C7H15 2.000E  11 0.00 75.8 [5]
8b 2  C7H15 3 1  C7H15 2.000E  11 0.00 75.8 [5]
9f 1  C7H15  O2 3 C7H15O2 2.500E  12 0.00 0 [9]
b
9b C7H15O2 3 1  C7H15  O2 2.200E  15 0.00 117 [9]
10f 2  C7H15  O2 3 C7H15O2 2.500E  12 0.00 0 [9]
b
10b C7H15O2 3 2  C7H15  O2 2.200E  15 0.00 117 [9]
c
11 C7H15O2 3 C7H14O2H 2.000E  11 0.00 71.2 [9]
12 C7H14O2H  O2 3 O2C7H14O2H 5.600E  12 0.00 0 [1]
d
13 O2C7H14O2H 3 HO2C7H13O2H 2.000E  11 0.00 71.2 [9]
14 HO2C7H13O2H 3 OC7H13O2H  OH 1.000E  09 0.00 31.4 [9]
15 OC7H13O2H 3 OC7H13O  OH 8.400E  14 0.00 180 [5]
16 OC7H13O 3 CH2O  C5H11  CO 2.000E  13 0.00 62.8 [5]
17 1  C7H15 3 C5H11  C2H4 2.500E  13 0.00 121 [9]
18 2  C7H15 3 C4H9  C3H6 1.200E  13 0.00 118 [5]
f
19 C5H11 3 C2H4  C3H7 7.972E  17 1.44 125 [1]
20 C4H9 3 C2H5  C2H4 2.500E  13 0.00 121 [9]
21 C3H7  O2 3 C3H6  HO2 1.000E  12 0.00 20.9 [10]
22 C3H6  OH 3 C2H5  CH2O 7.900E  12 0.00 0 [10]
23 C2H5  O2 3 C2H4  HO2 1.024e  10 0.00 9.15 [11]
24 C2H4  OH 3 C2H3  H2O 2.048E  13 0.00 24.9 [11]
25 C2H3  O2 3 CH2O  CHO 1.700E  29 5.31 27.2 [12]
26 CH2O  OH 3 CHO  H2O 3.433E  09 1.18 1.9 [13]
27 CHO  O2 3 CO  HO2 3.011E  12 0.00 0 [11]
28 CO  OH 3 CO2  H 4.400E  06 1.50 3.1 [11]
29 2HO2 3 H2O2  O2 1.867E  12 0.00 6.44 [11]
30 H2O2  (M) 3 2OH  (M) k0 1.200E  17 0.00 190.4 [11]
k 3.000E  14 0.00 202.9
Referenced rates were multiplied by: a : 3.0, b : 1.25, c : 0.55, d : 0.77, f : 0.75.
The pressure dependency of reaction 30 is given by
k30T,p 
kk0M	
k k0M	
FT, p,
where F is evaluated using the Troe formula
logF 
logFc
1.0   logk0M	/k 0.4  0.67  logFcN  0.14  logk0M	/k 0.4  0.67  logFc
2
N  0.75  1.27  logFc
with Fc  0.5. Third body efficiencies are given by
[M]  0.4[N2]  0.4[O2]  1.0[H2]  6.5[H2O]  0.75[CO]  1.5[CO2]  3.0[C2H4]  3.0[C7H16].
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98-step mechanism was reduced in [5] to a
14-step global mechanism which reproduced the
ignition delay times measured by Ciezki and
Adomeit [4] in a shock tube and those by
Minetti et al. [6] measured in a rapid compres-
sion machine with reasonable accuracy. The
global mechanisms derived in this paper differ
from those in [5] in that not the entire ignition
process up to high temperature combustion will
be represented but only the period until the
second ignition takes place.
The procedure in this paper will be the fol-
lowing: By algebraic manipulations we will first
derive separately two reduced mechanisms for
the low temperature regime and the intermedi-
ate and high temperature regime, respectively.
In both global mechanisms many intermedi-
ates including the OH radical are in steady
state. Both, the low temperature mechanism
and the intermediate and high temperature
mechanism will each contain four but differ-
ent global reactions. While the reduced mech-
anism for the low temperature regime is easily
analysed, the ability of the second reduced
mechanism to reproduce the ignition delay
times of the 30-step mechanism will be tested
at several stages during the reduction proce-
dure. The constant temperature assumption
in each of the two stages of ignition will also
be tested numerically. This sets the basis for
TABLE 2
Additional Reactions Contained in the 56-Step Skeletal Mechanism for N-Heptane Ignition
Number Reaction A n E
1f O2  H 3 OH  O 9.756E  13 0.00 62.1
1b OH  O 3 H  O2 6.353E  12 0.00 6.98
2f H2  OH 3 H2O  H 1.000E  08 1.60 13.8
2b H  H2O 3 OH  H2 4.701E  08 1.60 77.7
3f 2OH 3 H2O  O 1.500E  09 1.14 0.42
3b O  H2O 3 2OH 1.573E  10 1.14 72.5
4f H  OH  M 3 H2O  M 2.200E  22 2.00 0.00
4b H2O  M 3 OH  H  M 3.888E  23 2.00 500
5 H  O2  M 3 HO2  M 3.535E  18 0.80 0.00
6 HO2  OH 3 H2O  O2 2.891E  13 0.00 2.1
7 CH  CO2 3 CHO  CO 1.900E  14 0.00 66.1
8 CH  H2O 3 3  CH2  OH 5.700E  12 0.00 3.2
9f CH  H2 3 H  3  CH2 1.110E  08 1.79 7
9b CH2  H 3 H2  CH 1.752E  08 1.79 6.66
10 CH2  O2 3 CO  OH  H 1.300E  13 0.00 6.2
11 CH2  H2 3 CH3  H 5.000E  05 2.00 30.3
12 CH3  O 3 CH2O  H 8.430E  13 0.00 0
13 CH3  O2 3 CH2O  OH 3.300E  11 0.00 37.4
14 CH3  HO2 3 CH3O  OH 1.800E  13 0.00 0.00
15 CH3  H 3 CH4 k0 6.257E  23 1.80 0.00
k 2.108E  14 0.00 0.00
16 CH3O  M 3 CH2O  H  M 5.420E  13 0.00 56.5
17 CH4  OH 3 H2O  CH3 1.560E  07 1.83 11.6
18 CHO  M 3 CO  H  M 7.100E  14 0.00 70.3
19 CHO  H 3 CO  H2 9.033E  13 0.00 0.00
20 CHO  OH 3 CO  H2O 1.024E  14 0.00 0.00
21 H  CO2 3 OH  CO 8.799E  08 1.50 96
22 C2H4  H 3 C2H3  H2 5.400E  14 0.00 62.4
23f C2H4  H 3 C2H5 k0 4.715E  18 0.00 3.16
k 3.975E  09 1.28 5.4
23b C2H5 3 H  C2H4 k0 3.229E  18 0.00 153
k 2.723E  09 1.28 156
24 C3H7 3 CH3  C2H4 9.600E  13 0.00 130
25 C7H16  H 3 1  C7H15  H2 1.880E  05 2.75 26.3
26 C7H16  H 3 2  C7H15  H2 2.600E  06 2.40 18.7
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analytical solutions in all three regimes. These
analytical solutions identify those elementary
reactions which are rate determining in each
of the three regimes.
FORMULATION
To derive the 30-step short mechanism we have
eliminated consecutively every one of the reac-
tions of the 56-step mechanism and have tested
its influence on the resulting ignition delay
times. It was found that during the time until the
fuel is depleted the H-radical, molecular H2 and
the O, CH3, and CH radicals remain very low.
Therefore, all reactions involving these species
were eliminated without largely changing the
ignition delay times. As a consequence only O2,
HO2, and OH are active reaction partners of the
fuel and other stable species. Numerically cal-
culated ignition delay times with the resulting
30-step short mechanism are shown in Fig. 4 for
the stoichiometric case. While the agreement
between the skeletal and short mechanism is of
the order of the scatter of the experimental data
for the higher pressures of 13.5 and 42 bars, the
differences are larger for 3 bars and tempera-
tures below 900 K.
It is easily observed that in the 30-step mech-
anism most intermediates shown in Table 1 are
consumed by a single reaction only. We
have tested by numerical calculations that
the intermediates C7H14O2H, O2C7H14O2H,
HO2O7H13O2H, OC7H13O, C5H11, C4H9, C3H7,
C2H5, C2H3, and CHO can always be set in
steady state, thereby assuming reactions (12),
(13), (14), (16), (19), (20), (21), (23), (25), and
(27), respectively, to be fast. This allows to
derive global reactions for some of the rate
determining steps simply by adding the fast
reactions to those steps while the rates remain
those of the rate determining steps. Adding, for
instance, reactions (20) (21), and (23) to reac-
tion (1), one obtains
1 C7H16  2O2  C3H6  2C2H4  2HO2
governed by the rate w1. Similarly, adding reac-
tions (12), (13), and (14) to reaction (11) results
in
11 C7H15O2  O2  OC7H13O2H  OH.
governed by the rate w11. Adding reactions (16),
(19), and (21) to (15) leads to
15 OC7H13O2H  O2  C3H6  C2H4
 CH2O  CO  HO2  OH
governed by the rate w15. Furthermore, adding
reactions (19) and (21) to reaction (17) results
in
17 1-C7H15  O2  C3H6  2C2H4  HO2
and adding reactions (20) and (23) to reaction
(18) in
18 2-C7H15  O2  C3H6  2C2H4  HO2
governed by the rates w17 and w18, respectively.
Adding reaction (23) to reaction (22) results in
22 C3H6  OH  O2  C2H4  CH2O
 HO2
governed by the rate w22. Similarly, adding
reactions (25) and (27) to (24) results in
24 C2H4  OH  2O2  CH2O  CO
 HO2  H2O
Fig. 4. Ignition delay times for stoichiometric mixtures
calculated using the 30-step short mechanism. The two solid
lines indicate the slopes corresponding to the activation
energies obtained form analytical solutions for the high
temperature and the low temperature regime, respectively.
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governed by the rate w24. Finally, adding reac-
tions (27) to (26) results in
26 CH2OOHO2 COHO2 H2O
governed by the rate w26.
The Reduced Mechanism for the Low
Temperature Regime
It is readily seen that each of the global reac-
tions (11) and (15) produces one OH radical.
These radicals will readily react with the fuel in
the fast reactions (6) and (7). Each of (6) and
(7) initiates a chain that rapidly leads to hep-
tylperoxide C7H15O2 and then by reaction (11)
to ketohydroperoxide OC7H13O2H. Because
only one OH radical is consumed in either
reaction (6) or (7) and because two OH radicals
are produced if both global reactions (11) and
(15) have occurred, the reaction sequence is
chain branching. While reaction (11) is rela-
tively fast and therefore readily produces one
OH radical, reaction (15) is very slow. There-
fore, the small additional contribution of reac-
tion (15) determines the rate at which the
branching process evolves.
In the low temperature regime we only need
to consider reactions (2), (3), (6), (7), (8f), (8b),
(9f), and (10f) as well as the global steps (11)
and (15). Additional reactions like (17) and
(18) have such a large activation energy that
they interfere with the reaction sequence de-
scribed above only at higher temperatures. They
will be considered in the intermediate and high
temperature regime. For the same reason we do
not consider reactions (9b) and (10b) here.
Reactions (4) and (5) are neglected because the
concentration of HO2 is initially zero and re-
mains very low in the low temperature regime.
In the following, we will denote species con-
centrations by square brackets. To reduce the
mechanism further, we assume fast exchange of
isomers which with the equilibrium assumption
w8f  w8b results in
k8f  1  C7H15	  k8b  2  C7H15]. (1)
Since k8f  k8b we define the concentration of
the heptyl radical
[R]  [1  C7H15]  [2  C7H15]. (2)
On the basis of the steady state assumption of R
we can add either of the fast reactions (9f) and
(10f) to reactions (2) or (3) to obtain the global
reaction
I C7H16  2O2  RO2  HO2
governed by the rate
wI  w2  w3. (3)
In reaction I we have denoted the heptylperox-
ide C7H15O2 by RO2 for simplicity. If we add
reactions (9f) or (10f) to reaction (6) or (7) we
obtain the global step
II C7H16  OH  O2  RO2  H2O
governed by the rate
wII  w6  w7. (4)
The global reactions (11) and (15) are written
as
III RO2  O2  KET  OH
IV KET  O2  P  OH
governed by the rates wIII  w11 and wIV  w15,
respectively.
Here KET denotes the ketohydroperoxide
OC7H13O2H and P the sum of the products
C3H6, C2H4, CH2O, CO, and HO2 which will
not be considered further during the ignition
process in the low temperature regime.
At this stage, OH is assumed in steady state
which leads to the balance
w6  w7  w11  w15. (5)
We now want to derive balance equations for
the species and the temperature. In shock tubes
the process occurs at constant volume. There-
fore, the balance equations read

dYi
dt
 Wi
kI
IV
vikwk (6)

dT
dt
 
1
cv

k1
IV 
i1
n
vikUiwk. (7)
Here Yi is the mass fraction of species i, Wi its
molecular weight, vik its stochiometric coeffi-
cient in the kth reaction, cv is the mean specific
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heat capacity at constant volume and the Ui’s
are the molar specific internal energies. We
introduce the normalized quantities
Xi 
YiWF
WiYF,st
, w*k 
wk

WF
YF,st
(8)
and the temperature rises

Tk 
 
i1
n
vikUi YF,st
cvWF
, (9)
where the index F stands for the fuel C7H16 and
YF,st is its mass fraction at stochiometric mix-
ture.
In terms of these quantities we obtain the
following balance equations for the remaining
non-steady state species and the temperature
dXF
dt
 w*2  w*3  w*11  w*15 (10)
dXRO2
dt
 w*2  w*3  w*15 (11)
dXKET
dt
 w*11  w*15 (12)
where Eq. 5 has been used. The temperature
equation takes the form
dT
dt
 
iI
IV

Tiw*i (13)
where (
T)i is the temperature change induced
by the i-th global reaction. In the low tempera-
ture regime this equation will, however, not be
needed since the analytical solutions will be
based on the assumption of constant tempera-
ture.
Reduced Mechanism for the Intermediate and
High Temperature Regimes
In these regimes we need to consider in addition
the global reactions 17 and 18, the reactions
(4) and (5) and the backward reactions (9b) and
(10b). The steady state assumption of the heptyl
radical R now becomes

i2
7
wi  w9  w10  w17  w18  0. (14)
Furthermore, since reaction (11) is faster than
in the low temperature regime, we can assume
RO2 to be in steady state resulting in
w9  w10  w11 (15)
so that Eq. 14 becomes

i2
7
wi  w11  w17  w18. (16)
It is justified to assume w11 in Eq. 15 to be small
compared to w9 and w10 so that Eq. 15 leads to
[RO2]  K[R][O2] (17)
where
K 
k9f  k10f
k9b  k10b
. (18)
This is equivalent to the assumption of partial
equilibrium of the sum of reactions (9) and (10).
To determine [R] we introduce the rates
w11  k11RO2	  Kk11R] [O2	
w17  k17R	 (19)
w18  k18R	
into Eq. 16 to obtain [R] as
R	 

i2
7
wi
Kk11O2	  k17  k18
. (20)
Then w11 becomes
w11  
i2
7
wi (21)
where
 
Kk11O2	
Kk11O2	  k17  k18
. (22)
Similarly, the sum of w17 and w18 becomes
w17  w18  1  
i2
7
wi. (23)
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The parameter  represents the fraction of R
oxidized by the low temperature chain and will
turn out to be very important quantity in the
subsequent analysis. It is plotted as a function of
temperature and pressure in Fig. 5. As will be
seen from Eq. 42 below the only intermediate
that remains after reduction to a four-step
mechanism, the ketohydroperoxyde, is pro-
duced for  0.5 but it is consumed for  0.5.
Therefore, we summarize
  0.5 : chain branching
 0.5 : chain breaking
(24)
The value   0.5 defines the cross-over tem-
perature T*. In the analysis below for the inter-
mediate temperature regime  will be approxi-
mated in the vicinity of T* by a linear function
 
1
2

	
2
T  T* (25)
where 	 will be defined in Eq. 73. The inserted
picture in Fig. 5 shows how T* can be deter-
mined.
To derive further global reactions we set HO2
in steady state by assuming reaction (29) to be
fast. We add reaction (29) to reaction (1) to
obtain
I C7H16  O2  C3H6  2C2H4  H2O2
which is governed by the rate wI  w1. Further-
more, we set C7H15O2 in steady state by assum-
ing reaction (11) to be fast. We first add reac-
tion (11) to reactions (9) and (10) resulting in
the global steps
9 1  C7H15  2O2  OC7H13O2H  OH.
10 2  C7H15  2O2  OC7H13O2H  OH.
The heptyl radical is consumed by these reac-
tions via the low temperature chain but it is also
consumed by reactions (17) and (18) through
the high temperature chain. Therefore, we must
weight these competing paths using the fraction
 defined in Eq. 22. Therefore, we add  times
reactions (9) and (10) and (1  ) times
reaction (17) and (18) to reactions (2) and (3).
To eliminate HO2 we also add 0.5 times reac-
tion (29) to this to obtain
II C7H16  1  32  O2  (1  )C3H6
 21  C2H4  KET  OH
 (1 
1
2
)H2O2  2CO.
Here the ketohydroperoxide KET will turn out
to be an important intermediate in the low
temperature regimes since its consumption re-
action 15 is slow.
The same global step as in II is obtained by
the same procedure for reactions (4) and (5)
where, however, reaction (29) is not needed.
Therefore, the rate of the global reaction II is
wII  w2  w3  w4  w5 (26)
For reactions (6) and (7) the same procedure
yields
III C7H16  (1  )OH  12  32 
O2  (1  )C3H6  2(1  )C2H4
KET 
1
2
(1  )H2O2  H2O
with the rate
wIII  w6  w7 (27)
Fig. 5. The parameter  representing the fraction of heptyl
radicals oxidized by the low temperature chain. The inserted
picture shows how the cross-over temperature T* defined by
(T*)  0.5 can be determined.
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Introducing the steady state assumption for
HO2 the global steps (15), (22), (24), and
(26) become
IV KET 
1
2
O2  C3H6  C2H4  CH2O
 CO 
1
2
H2O2  OH,
V C3H6  OH 
1
2
O2  C2H4  CH2O

1
2
H2O2,
VI C2H4  OH 
3
2
O2  CH2O  CO

1
2
H2O2  H2O,
VII CH2O  OH 
1
2
O2  CO 
1
2
H2O2
 H2O,
governed by the rates
wIV  w15
wV  w22
wVI  w24
(28)
wVII  w26,
respectively.
Finally the elementary reactions (28) and (30)
will be used in the global mechanism as reaction
VIII and IX, respectively
VIII CO  OH  CO2  H,
IX H2O2  (M)  2OH  (M).
The temperature rises (
T)k of the global reac-
tions are calculated using the following values of
the heats of reactions Ui at 800 K (units in
kJ/mol):
C7H16 : 61.85, KET : 236.55, C3H6 : 63.95,
C2H4 : 78.45, CH2O : 99.55, CO : 102.05,
H2O : 230.45, H2O2 : 116.25, OH : 47.25,
H : 221.75, CO2 : 377.35, O2 : 9.25.
The value for cv was assigned as 0.825kJ/kgK and
WF  100.2 kg/kmol. For a stoichiometric n-
heptane-air mixture YF,st is 0.062. This leads to
the following temperature rises for the global
reactions

TI  117.9K

TII  117.9K  274.4K

TIII  43.3K    274.4K

TIV  121.4K

TV  146.3K

TVI  472.3K

TVII  257.2K

TVIII  75.6K

TIX  158.1K.
Based on the nine step global mechanism the
balance equations for XF, XKET, XOH, and XH2O2
are written as
dXF
dt
 
i1
7
w*i (29)
dXKET
dt
 
i2
7
w*i  w*15 (30)
dXOH
dt
  
i2
5
w*i  1  w*6  w*7  w*15
 w*22  w*24  w*26  w*28  2w*30
(31)
dXH2O2
dt
 w*1  1  12  
i2
5
w*i 
1
2
1  
 w*6  w*7 
1
2
w*15 
1
2
w*22

1
2
w*24 
1
2
w*26  w*30. (32)
In the nine step global mechanism OH is the
only active radical. Numerical calculations with
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the 30-step mechanism have shown that it may
be set into steady state during ignition because
its concentration remains very low. We set OH
into steady state in Eq. 31 to obtain
w6  w7  w22  w24  w26  w28
 w11  w15  2w30 (33)
Considering reactions (1), (2), (3), (4), (5),
(15), (17), (18), (22), (24), (26) and (29) and
their respective rates, we obtain from the steady
state relation for HO2 the balance
2w1  w2  w3  w15  w17  w18  w22
 w24  w26  w4  w5  2w29. (34)
With Eq. 16 this becomes
2w29  w11  2w1  w2  w3  w6  w7
 w15  w22  w24  w26. (35)
Eliminating the fast reaction w6  w7 by adding
this to Eq. 33 one obtains the surprisingly
simple balance
2w29  w28  2w1  w2  w3  2w15  2w30.
(36)
From this HO2 can be determined as
HO2	
 w1  w2  w3  w15  0.5w28  w30k29 
1/ 2
.
(37)
Using Eqs. 21 and 33 we now are able to
calculate [OH] as
OH	 

i2
5
wi  w15  2w30
N
(38)
where
N  (1  )(k6  k7)[C7H16]
 k22[C3H6]  k24[C2H4]
 k26[CH2O]  k28[CO]. (39)
The rate coefficients ki of reaction (6) and (7) in
N are typically larger than those of reaction (22)
(24) (26), and (28). Therefore, the first term in
the denominator is the largest as long as the
concentration of the fuel is sufficiently large.
Once the fuel vanishes, however, and since the
terms proportional to k22, k24, k26, and k28 are
relatively small, the concentration of OH will
blow up and the steady state assumption for OH
is no longer valid. A numerical calculation
including Eq. 31 would lead to a rapid increase
of OH. Then OH rapidly consumes C3H6, C2H4,
CH2O, and CO via the global reactions V, VI,
VII, and VIII, respectively. Since these reac-
tions are exothermic, this will lead to a rapid
temperature rise which corresponds to the second
stage ignition. The corresponding time t2 will be
identified with the ignition delay time. Since the
blow up of OH radicals is caused by the depletion
of the fuel, we will use the criterion
C7H16	  0 (40)
for the ignition delay time. Since the second
stage ignition process leading to the consump-
tion of the fuel occurs at nearly constant tem-
perature, we call the second stage ignition pro-
cess a non-thermal runaway.
In the subsequent analysis of first and second
ignition only reactions (1), (2–5), (15), and (30)
will be needed. Setting the l. h. s. of Eq. 31 equal
to zero by assuming steady state of OH reduces
the global mechanism further. During the igni-
tion process up to second stage ignition OH is
mainly consumed by reaction (6) and (7). Elim-
inating the rates w*6 and w*7 from Eqs. 29 and 30
and Eq. 32 one obtains the 4-step global mech-
anism shown in Table 3. The corresponding
system of balance equations for fuel, ketohy-
droperoxide and hydrogen peroxide becomes
1  
dXF
dt
 1  w*1  
i2
5
w*i  w*15
 2w*30 (41)
1  
dXKET
dt
  
i2
5
w*i  2  1w*15
 2w*30 (42)
dXH2O2
dt
 w*1  
i2
5
w*i  w*15. (43)
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The temperature equation becomes
1  
dT
dt
 T1w*1  T25
i2
5
w*i  T15w*15
 T30w*30. (44)
Balance equations for the other species can be
derived similarly.
The temperature rises of corresponding to
reactions (1), (2)–(5), (15), and (30) are
T1  1  
TI
 117.9K    117.9K
T25  1  
TII  
TIII
 117.9K    435.6K
(45)
T15  1  
TIV  
TIII
 78.1K    395.8K
T30  1  
TVII  2
TIII
 343.8K    291.6K.
Replacing the species concentration [Ci] by
Yi/Wi the non-dimensional reaction rates in
Eqs. 41 through 44 are
w*1  k1TXF
w*k 
YF,st
WF
p, T kk T XFXj, k  2  5,
j  O2, HO2 (46)
w*15  k15TXKET,
w*30  k30T, p XH2O2
In these equations the density  is calculated
from
 
Wp
RT
(47)
where R  82.05 atm cm3/mol K, and W is the
mean molecular weight. At initial conditions
W  30.17 kg/kmol. Initial values for normalized
concentrations at stoichiometric conditions are
XF,0  1.0, XO2,0  11.33, XN2,0  41.47.
Calculations of the ignition delay time t2 based
on the four step mechanism are shown in Fig. 6.
For the intermediate and high temperature
regime they compare favourably with those in
Fig. 2 even though the negative temperature
coefficient is too high. They deviate for low
temperatures, for which this mechanism is not
expected to be valid.
TABLE 3
Four-Step Global Mechanism for the Ignition of N-Heptane in the Intermediate and
High Temperature Regime
I C7H16  O2  C3H6  2C2H4  H2O2
II C7H16  (1  )O2  (1  )C3H6  2 (1  )C2H4  KET  (1 )H2O2  H2O
III (1  2)KET  C7H16  (1  )O2  2 (1  )C3H6  3 (1  )C2H4  (1  )CH2O (1  )CO
 (1  )H2O2  H2O
IV 2C7H16  (1  3)O2  2 (1  )C3H6  4 (1  )C2H4 2KE T  2H2O
The rates of these reactions are
wI w1, wII
1
1  
i2
5
wi, wIII
w15
1  
, wIV 
w30
1  
.
Fig. 6. Calculated ignition delay times using the 4-step
mechanism for the intermediate and high temperature
regime.
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For two initial temperatures, 740 K and 1,000
K, the evolution of the temperature, XF, XH2O2,
and XKET calculated by the 56-step mechanism
and by the 4-step mechanism will be compared.
The profiles shown in Fig. 7 for the initial
temperature of 740 K were calculated using the
56-step mechanism. They show that the first
stage ignition occuring at 10 ms is associated
with jumps of temperature, fuel and H2O2,
while ketohydroperoxide has a thin peak up to
values of XKET around 0.15. The corresponding
plot for the 4-step mechanism shown in Fig. 8
shows at 5 ms similar jumps in the temperature,
fuel and H2O2, but a broader peak of ketohy-
droperoxide with, however, has nearly the same
maximum value at around 0.15. The second
stage is associated in both figures with a slow
increase of temperature and H2O2 and an ini-
tially slow decrease of the fuel. As the temper-
ature increase accelerates in Fig. 7, the fuel is
more rapidly depleted. In that figure the second
jump of the temperature is associated with a
sudden depletion of H2O2. In Fig. 8 the calcu-
lation stops after the fuel is depleted because
the 4-step mechanism is not capable of provid-
ing physically correct results beyond that point.
In the analysis presented above the runaway
at the end of the second stage was interpreted as
a consequence of the sudden release of OH into
non-steady state, once the fuel is depleted. This
interpretation differs from that of Westbrook [7]
who views the decomposition of H2O2 at increas-
ing temperatures as a cause and not as a conse-
quence of second stage ignition. To test this
concept of a temperature driven H2O2 decompo-
sition leading to second stage ignition, we have
fixed the temperature in the second stage at 840 K
which was reached immediately after the first
stage. The corresponding species profiles are
shown in the lowest picture in Fig. 8. They are
almost identical to the picture in the middle which
was calculated using the temperature shown in the
upper picture. This indicates that the small tem-
Fig. 7. Profiles of temperature, fuel, H2O2 and ketohy-
droperoxide at an initial temperature of 740 K using the
56-step skeletal mechanism.
Fig. 8. Profiles of temperature, fuel, H2O2 and ketohy-
droperoxide at an initial temperature of 740 K using the
4-step reduced mechanism for the intermediate and high
temperature regime. The lowest picture shows species pro-
files for a case where the temperature was artificially fixed at
840 K after first stage ignition.
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perature increase during the second stage is un-
important for second stage ignition.
In Figs. 9 and 10 the profiles for the temper-
ature, fuel and H2O2 are shown for initial
temperatures of 1,000 K using the 56-step skel-
etal and the four-step mechanism, respectively.
As in Fig. 7 the 56-step mechanism is able to show
the transition to the very high equilibrium temper-
ature attained after second stage ignition. Up to
that point, the temperature in Figs. 9 and 10 rises
a few hundred degrees, which is more than in Figs.
7 and 8. The H2O2 concentration rises steadily in
both figures up to the point where the fuel is
depleted. That time differs between the 56-step
and the 4-step mechanism by more than a factor 2.
We also have set the temperature constant equal
to 1,000 K to test the hypothesis of temperature
driven H2O2 decomposition in the high tempera-
ture regime. This is shown in the lowest picture of
Fig. 10. The time needed until the fuel is depleted
becomes longer in this case, but the hypothesis of
non-thermal runaway caused by fuel depletion
remains valid.
ANALYTICAL SOLUTIONS FOR THE LOW
TEMPERATURE REGIME
In the low temperature regime we start from the
balance equations Eqs. 10–12. Fuel is consumed
by the build-up of OH which, through the steady
state relation for OH, manifests itself by the
rates w*11 and w*15 appearing in Eq. 10. The
heptylperoxide RO2 and the ketohydroperoxide
KET are linked through Eqs. 11 and 12. All
other species and the temperature change little
during the early times of ignition. Therefore, we
will at first keep the fuel and the oxidizer
constant in calculating RO2 and KET. Neglect-
ing all other reactions except (2), (3), (1), and
(15), setting XF  XF,0, XO2  XO2,0, and
XHO2,0  0 and fixing the rate constants at the
initial temperature T0, Eqs. 11 and 12 are
written as
dXKET
d

 XRO2  XKET (48)
Fig. 9. Profiles of temperature, fuel, H2O2 and ketohy-
droperoxide at an initial temperature of 1,000 K using the
56-step skeletal mechanism.
Fig. 10. Profiles of temperature, fuel, H2O2 and ketohy-
droperoxide at an initial temperature of 1,000 K using the
4-step reduced mechanism for the intermediate and high
temperature regime. The lowest picture shows species pro-
files for the case of a constant temperature of 1,000 K.
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dXRO2
d

   XKET. (49)
Here  and  are defined as
 
w2,0  w3,0
k15,0
(50)
 
k11,0
k15,0
(51)
and the time has been normalized as

  t k15,0. (52)
Eqs. 48 and 49 represent a linear system of
equations that may be integrated using the inital
conditions XKET  0 and XRO2  0 at t  0 by
standard methods for linear systems with con-
stant coefficients. The final result is
XKET  C11e
1
  C22e
2
   (53)
XRO2  C1e
1
  C2e
2
  / (54)
where the eigenvalues 1 and 2 are
1/ 2  
1
2
 14  
1/ 2
(55)
and C1 and C2 are
C1 

1  2
1  2/ (56)
C2  

1  2
1/  1. (57)
Only the exponentially growing parts of XRO2
and XKET will be of interest for determining the
consumption of the fuel. Neglecting in Eq. 10
the contributions of reactions (2) and (3) one
may write
dXF
d

 XRO2  XKET. (58)
Integration leads to
XF  XF,0  
  1
1
1  2/
1  2
e,

 
  2
2
1  1/
1  2
e2

 2

 1 . (59)
If the steady state relation for OH resulting
from Eq. 5 is written out, it takes a form similar
to Eq. 38 and the same conclusions drawn there,
namely that fuel depletion triggers ignition, is
valid. Therefore setting XF  0 in Eq. 59 and
retaining only the exponentially increasing
terms provides the ignition delay time t2 which is
given by
Fig. 11. Analytical solution Eqs. 60, 109, and 129 for the
low, intermediate and high temperature regime, respec-
tively. The solutions are to be compared to numerical
solutions for the corresponding pressures in Fig. 4.
Fig. 12. Schematic representation of the temperature pro-
file at first stage ignition resulting from Eq. 83.
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t2 
1
1k15,0
ln  XF,01 1  2
   11  2/
 . (60)
This may be further simplified by recognizing
that  is large and therefore the second term
under the square root of Eq. 55 is much larger
than the first term. Then the eigenvalues are to
leading order
1  
1/ 2, 2  
1/ 2 (61)
and the ignition delay time becomes
t2 
1
k11,0 k15,0
1/ 2 ln 2XF,0  . (62)
Since reactions (11) and (15) are uninmolecular
the rate coefficients have the dimension 1/s.
Except for the logarithmic pressure dependence
that enters through the quantity , the ignition
delay time predicted by Eq. 62 is independent of
pressure. This is also apparent from the two
lines for 1 bar and 42 bar on the right in Fig. 11
which were calculated using Eq. 60. In the low
temperature regime the calculated ignition de-
lay times in Fig. 11 calculated from Eqs. 60 or
62, which are virtually identical, also agree very
well with those shown in Fig. 4.
Since the temperature variation of the loga-
rithmic term is small, the rate coefficients of
reactions (11) and (15) in the square root term
determine the overall activation energy of the
low temperature branch.
Approximating t2 as t2  exp (E/RT0) an
overall activation energy E of the ignition delay
time may be defined as
E  R
d ln t2
d 1/T0
. (63)
Expressing the rates k11,0 and k15,0 as ki,0 
exp(Ei/RT0) one obtains the overall activation
energy for the low temperature branch
E 
E11
2

E15
2
 125.6kJ/mol. (64)
A line with this slope has been drawn in Fig. 4
close to the low temperature branches.
ANALYTICAL SOLUTIONS FOR THE
INTERMEDIATE TEMPERATURE REGIME
In this regime  is initially smaller than unity
but larger than 0.5. Therefore, the initial tem-
perature is smaller than T* but larger than in
the low temperature regime. In the following we
can base the analysis on Eqs. 41–44 of the
4-step global mechanism. We start by examining
the first stage ignition which is characterized by
a rapid increase of ketohydroperoxide with a
small temperature rise and a corresponding
decrease of . As long as  remains larger than
0.5, Eq. 42 shows that the stoichiometric coef-
ficient (2  1) in front of w*15 is positive,
leading to a growth of ketohydroperoxide. As
soon as  crosses the value 0.5 this stoichiomet-
ric coefficient becomes negative leading to a
consumption of ketohydroperoxide. The chain
branching effect related to the production of
OH radicals by reaction (15) is then interrupted.
Once the first stage process is finished a second
period with slow chemistry commences which
ends with second stage ignition.
Initial Linear Regime
In this regime we use Eqs. 42, 43, and 44 where
all rates except those of reactions (1)–(5) and
(15) are neglected. We set XF  XF,0 and XO2 
XO2,0, XHO2,0  0, T15  T15,0, k15,0  k15(T0)
and 0  (T0) and define
1 
0 w*2,0  w*3,0
1  0k15,0
, 2 
w*1,0  w*2,0  w*3,0
k15,0
(65)
 
T1w*1,0  T2–5 w*2,0  w*3,0
10 k15,0
, 0 
20  1
2 10
.
(66)
Introducing the normalized time as defined in Eq.
52, Eqs. 42, 43, and 44 are in the linear regime
dXKET
d

 1  20 XKET
dXH2O2
d

 2  XKET (67)
dT
d

  
T15,0
1  0
XKET.
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The solutions of these equations are
XKET 
1
20
e20
  1 (68)
XH2O2 
1
20
 120 e20
  1  
  2

(69)
T  T0 
T15,0
1  0
 120 (70)
  120 e20
  1  1
  
.
First Stage Non-linear Regime
Here we neglect in addition reactions (1)–(5)
which is equivalent to setting 1  2    0.
We eliminate the time between Eqs. 42 and 44
to obtain the coupling
dXKET
dT

2T  1
T15,0
. (71)
We assume no longer   0 so that only the
numerator in Eq. 71 is temperature dependent,
while T15 remains equal to T15,0. The change of
sign at   0.5 is the most important feature in
Eq. 71. We expand 2  1 around   0.5 as
2  1  	 T  T* . (72)
Here (T*)  0.5 determines the cross-over
temperature T*. The temperature gradient at
T  T* is defined as
	  2
d
dT

T*
. (73)
This leads to
dXKET
dT

	 T*  T
T15,0
(74)
with the solution
XKET 
	
T15,0
T  T0 T*  12 T  T0 .
(75)
Setting T  T0 in the second brackets satisfies
the solution of Eq. 68 and Eq. 70 from the linear
regime which becomes for small 1 and 
XKET 
20  1
T15,0
T  T0 (76)
since 20  1  	(T*  T0). To determine the
cross-over time t* where T reaches T*, the
temperature Eq. 44 in the nonlinear regime is
written with Eq. 75 as
10
dT
d

 	 T T0 T* 12 T T0.
(77)
Effects of temperature changes on  and k15 are
neglected here for simplicity. Since we want to
determine primarily the time needed for the
first stage ignition process this is justified by the
fact that the temperature is close to the initial
temperature for most of this time.
Eq. 77 can be solved by separation of vari-
ables as
1  0
0
T dT
T  T0 T*  12 T  T0
 	 
  c. (78)
Factorizing the product in the denominator of
the integral as
1
T  T0 T*  12 T  T0

1
T*  T0
 1T  T0  12T*  T  T0	
(79)
one obtains after integration
ln T  T0  ln 2T*  T  T0

	 T  c T*  T0
1  0
. (80)
The integration constant c can be determined
by matching Eq. 80 with Eq. 70. Neglecting
for 1 3 0,  3 0 the last term in the square
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brackets in Eq. 70 and taking the logarithm
one obtains
ln T  T0  ln  T15,0120  1  ln e20
  1
 ln 20. (81)
For matching at small times in Eq. 80 with large
times in Eq. 81, T is set equal to T0 in the second
term on the l. h. s. of Eq. 80 and the unity in the
second last term in Eq. 81 is neglected. Using
Eq. 72 and the second of Eq. 66 one obtains for
the constant c
c
	T*  T0
1  0
 ln 2  ln T*  T0
 ln  T15,0120  1  ln 20. (82)
The solution for the temperature in the first
stage non-linear regime then becomes
T  T0
2T*  T  T0

T15,01
2 T*  T0 20  1
e20
.
(83)
A schematic representation of the temperature
as a function of 
 in this equation is shown in
Fig. 12. It illustrates the rapid increase of the
temperature during first stage ignition and the
transition to a constant value T1 thereafter. The
cross-over time t* is obtained when T reaches
the cross-over temperature T*
t* 
1  0
20  1 k15,0
ln 2 T*  T0 20  1T15,0 1  . (84)
First Stage Ignition Delay Time
The non-linear regime is valid until XKET van-
ishes. Neglecting again all reactions except 15,
Eq. 41 can also be combined with Eq. 44
dXF
dT
 
1
T15,0
(85)
which can be integrated to yield
XF  XF,0 
T  T0
T15,0
. (86)
We will denote the conditions at the end of the
first stage by the index 1. We can obtain the
temperature T1 from the second brackets on the
r. h. s. of Eq. 75 by setting XKET  0
T1  2T*  T0. (87)
Inserting this into Eq. 86 one obtains for the
remaining fuel at the end of the first stage
XF,1  XF,0 
2 T*  T0
T15,0
. (88)
To calculate XH2O2 at the end of the first stage
we combine Eq. 43 with Eq. 44 to obtain
dXH2O2
dT

1
2T15,0
1  	 T  T* (89)
which can be integrated to yield
XH2O2 
T  T0
2T15,0
1  	 T  T02  T* .
(90)
By replacing T in Eq. 90 by T1 one obtains at
completion of the first stage
XH2O2,1 
T*  T0
T15,0
. (91)
To calculate the ignition delay time at the end
of the first stage we must use Eq. 83. A simple
insertion of Eq. 87, which was based on XKET 
0, into this equation would not lead to a satis-
factory result. However, since reaction 30 pro-
duces XKET the latter is not completely con-
sumed by reaction (15). As XKET becomes
small, reaction 30, therefore, cannot be ne-
glected. Neglecting all reactions except (15) and
(30) and eliminating the time between Eqs. 42
and Eq. 43 one obtains
dXKET
dXH2O2
 2  2
XH2O2
XKET
. (92)
Here
 
2  1
2 1  
(93)
and  is a small parameter defined by
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T 
k30TT
k15T 1  T
. (94)
This leads to a thin transition layer at the end of
the first stage. Defining
XKET  1y, XH2O2  XH2O2,1  1x,
1  T1, 1  T1, (95)
Eq. 92 becomes to leading order
y
d y
dx
 21y  2XH2O2,1. (96)
This equation may be solved by separation of
variables. Here is suffices to note that for large
values of x it satisfies the steady state condition
y  XH2O2,1/1 which may be written as
XKET,1 
21  1
1  21
1XH2O2,1. (97)
Using this in Eq. 75 one obtains at the end of
the first stage the temperature T1,E which differs
from T1 by only a small amount. It can be
determined from
XKET,1 
	
2T15,0
T1  T0 2T*  T1,E  T0.
(98)
The expression in the second brackets of this
equation can be used in the denominator in the
l. h. s. of Eq. 83 to calculate the time t1 of the
first stage from
	
T1  T0
2
XKET,1

T15,0
2 1
T*  T0 20  1
e20
1.
(99)
This leads to
t1 
10
20  1k15,0
ln 4T*  T02 20  12XKET,1 T15,02 1  .
(100)
Second Stage Ignition Delay Time
For vanishing XKET at the end of the first stage
there exists a second stage where the remaining
fuel is slowly consumed. For simplicity we as-
sume constant temperature and set 1  (T1)
and 1  (T1). Reactions (1)–(5) can be ne-
glected in the second stage. If we also neglect all
other reactions except (15) and (30) Eqs. 41, 42
and 43 are linear and may be written as
1  1
dXF
d

 XKET  21
1  1
1
XH2O2
(101)
dXKET
d

 21XKET  21XH2O2 (102)
dXH2O2
d

 XKET (103)
here the time is normalized as

  tk15,1, k15,1  k15T1. (104)
The solution of the system of Eqs. 101–103 with
the initial conditions XKET  XKET,1, XH2O2 
XH2O2,1 at 
  
1 is readily obtained as
XKET 
XKET,1  2XH2O2,1
1  2
1 e
1

1

1XH2O2,1  XKET,1
1  2
2 e
2

1
(105)
XH2O2 
XKET,1  2XH2O2,1
1  2
e1

1

1XH2O2,1  XKET,1
1  2
e2

1 (106)
with the eigenvalues now are
1  1  
12  21, 2  1  
12  21.
(107)
Inserting this into Eq. 101 and integrating one
may easily determine the temporal change of
the fuel in the second stage. Neglecting the
exponentially decreasing terms in that expres-
sion as compared to the exponentially growing
terms, one obtains
1  1 XF  XF,1  
XKET,1  2XH2O2,1
1  2
 1  21
1
1  1
1
  exp 1 
  
1  1	.
(108)
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The time of thermal runaway t2 corresponds to
time where the fuel vanishes. This leads to the
expression
t2  t1 
1
1k15,1
ln 1  1  1 XF,1 1  2XKET,1  2XH2O2,1

11
11  21 1  1
 . (109)
This has also been plotted in Fig. 11 for 1 bar
and 42 bar as the two curves in the middle of
that figure. It represents the NTC behavior in
the intermediate temperature regime. The tran-
sition from the low temperature to the inter-
mediate temperature regime occurs where t2
calculated from Eq. 62 would be smaller than
that calculated from Eq. 109. The intermedi-
ate temperature curves in Fig. 11 compares
well with the corresponding intermediate
NTC branches in Fig. 4. They show, in partic-
ular, that the slope in the NTC regime de-
creases with pressure.
ANALYTICAL SOLUTIONS FOR THE HIGH
TEMPERATURE REGIME
In this regime defined by T0  T* there is no
first stage ignition, therefore, ketohydroperox-
ide is initially and during the entire ignition
process in steady state. However, there is a slow
increase of H2O2 with a corresponding decrease
of the fuel. The time where the fuel vanishes will
again be defined as the ignition delay time t2.
Numerical analysis shows it may be justified that
the temperature is kept constant up to that time
(conf. Fig. 9). Eliminating w15 by assuming
steady state of ketohydroperoxide and neglect-
ing all reactions except (1) (5) and (30), Eqs. 41
and 43 are written
dXF
d

 1XF  1XH2O2 (110)
dXH2O2
d

 2XF  2XH2O2 (111)
where

  tk30,0, 1 
k1,0
k30,0
,
2 
YF,st  p,T0
WF k30,0
k2,0  k3,0 XO2,0
 k4,0  k5,0 XHO2, (112)
1  1 
2
1  20
, 2  1 
2 1  0
1  20
1 
2
1  20
, 2  01 (113)
For simplicity we set in the high temperature
regime 0  0 in the numerator of the second
term of 2 which leads to 2  1 and also in 2
which leads to 2  0. To express XHO2 as a
function of XH2O2 we use its steady state relation
Eq. 37 where we neglect the rates w1, w2, w3,
and w15 as being small compared to w30. We also
can neglect the rates w2 and w3 as compared to
w4 and w5 in the expression for K2 which then
becomes
2 XH2O2 
YF,st p, T0
WFk30,0
k4,0  k5,0
  WFk30,0XH2O2YF,st p, Tk29,0
1/ 2
. (114)
With these simplifications we obtain the nonlin-
ear system of equations
dXF
d

 1   XH2O2
1/ 2	 XF  1XH2O2
(115)
dXH2O2
d

 1   XH2O2
1/ 2	 XF (116)
where
 
k4,0  k5,0
1  20
YF,st  p,T0WFk29,0 k30,0
1/ 2
(117)
In the following we will consider the case k1 3
0 only, thereby addressing a not so high temper-
ature regime where reaction (1) can be ne-
glected compared to reactions (4) and (5). The
system of Eqs. 115–116 can then be normalized
by introducing
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x  a
, y  XF/XF,0, z  XH2O2
1/ 2/XF,0
(118)
as
d y
dx
 XF,0 zy  bz
2, 2
dz
dx
 y (119)
where
b 
1 XF,0
a
, (120)
with initial conditions
x  0: y  1, z  0. (121)
In the range between 900 K and 1,200 K the
value of b varies between 4 and 10. Therefore,
we consider the asymptotic limit for large b.
Introducing
  y,   b1/3z,   b1/3x (122)
it turns out that the first term on the r. h. s. of
the first of Eq. 119 can be neglected in the limit
b 3  leading to
d
d
 2, 2
d
d
  (123)
with the boundary conditions
  0:   1,   0. (124)
Now the second equation of Eq. 123 is differ-
entiated and combined with the first equation.
A change of dependent versus independent
variables and the introduction of p  d/d
leads to
2p
dp
d
 2  0 (125)
which can be integrated from   0, p  12 to 
and p to obtain
p2 
1
4
 
1
3
3. (126)
Runaway at XF  0 corresponds to p  0 with
2  34
1/3
. A second integration of
d
d
 14  13 3
1/ 2
(127)
leads
2  t2b
1/3ak30,0  2
0
2 d
1  43 3
1/ 2  2.548
(128)
or to the ignition delay time t2
t2
 2.548  1 203 k29,0WF2XF,0k4,0  k5,02 k30,02 YF,st p, T0
1/3
.
(129)
This analytical expression can be used to deter-
mine the overall activation energy of the high
temperature branch. Approximating the rate
coefficients ki(T0) in Eq. 129 as ki  exp(Ei/
RT0) as before and setting E4  E5 allows to
determine the overall activation energy of the
high temperature branch as
E
2
3
E4 
1
3
E29 
2
3
E30  189kJ/mole. (130)
A line with this slope is shown close to the high
temperature branch in Fig. 4.
The analytical solution Eq. 129 has also been
plotted in Fig. 11 as the two curves for 1 bar and
42 on the left of that figure. They show a
maximum at 1,000 [K]/T0 equal to 1.2 and 1.0,
respectively, which compare well with the max-
imum of the corresponding curves in Fig. 4.
Eq. 129 also allows to evaluate the pressure
dependence of the ignition delay time t2 and
compare it with the numerical calculations using
the 56-step skeletal mechanism and the 30-step
short mechanism shown in Figs. 2 and 4, respec-
tively. This is done in Fig. 13 for T  1,000K.
Despite the many approximations and simplifi-
cations introduced in this analysis the agree-
ment is quite good. This shows that the ignition
delay time in the high temperature regime is
controlled by very few reaction rates namely
those of reactions (4), (29), and (30).
CONCLUSIONS
By analyzing mathematically the two reduced
4-step mechanisms derived from the 30-step
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short mechanism we were able to identify the
rate determining reactions in the three regimes
of n-heptane ignition. In the low temperature
regime reactions (2) and (3) initiate the first
heptyl radicals which through a sequence of fast
reactions generate heptylperoxide and finally
ketohydroperoxide which are consumed by re-
actions (11) and (15), respectively. This process
is chain branching and rapidly consumes the
fuel. Once the fuel is depleted, the OH radical is
released from its steady state condition and
ignition occurs.
In the intermediate temperature regime in
addition to reactions (2), (3), (11), and (15) the
backward reactions (9b) and (10b) gain impor-
tance partly inhibiting the fast oxidation of the
heptyl radical. The high temperature chain
breaking reactions (17) and (18) must also be
considered. Reaction (11) now becomes fast
and is no longer rate determining. The interac-
tion of the reaction rate coefficients k9f, k9b,
k10f, k10b, k11, k17, and k18 are condensed into a
single parameter  which appears within the
stoichiometric coefficients of the global four-
step mechanism. This parameter controls the
first stage ignition which occurs at   0.5. In
the four step mechanism the rates of reactions
(4), (5), (29), and (30) also become important
during the second stage ignition.
In the high temperature regime only the latter-
four-reactions need to be considered. Reaction
(1) is important at very high temperatures only, a
regime which was not analysed here.
In summary, only 12 of the reactions in the
30-step short mechanism are rate determining,
of which a subset of four different reactions
controls the low temperature and the high tem-
perature regime. There are different reasons
why the rates of the other reactions do not
influence the ignition delay times: Reactions
(8), (12), (13), (14), (16), (19), (20), (21), (23),
(25), and (27) are simply fast and thereby propa-
gate the chain that they are involved in very
rapidly. Reactions (6) and (7) are also fast and
thereby force the OH radical into steady state.
The remaining reactions (22), (24), (26), and (28)
are too slow to compete with reactions (6) and (7)
for the OH radical and therefore remain unim-
portant during first and second stage ignition.
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